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1. Introduction and theorems in the multiplicity one case. 

Let n > 2 and let b{x) be a real-analytic fu n ction on a neighborhood of the 
origin in R"' with 6(0) = 0. By resolntion of singnlarities, there is a nnmber 6o > 0 snch 
that on any snfRciently small neighborhood U of the origin, |/|“'^ = oo for 6 > 6o; 
and < cxD for 6 < 6o- The nnmber 6o is sometimes referred to as the ’’critical 

integrability exponent” of / at the origin. In this paper, we consider operators of the form 

Tf{x)=[ f{x-y)a{x,y)m{y)\b{y)\~^°dy (1.1) 

JR" 

Here a{x, y) is a Schwartz fnnction, and m{y) is a bonnded real-valned fnnction on a neigh¬ 
borhood of the origin snch that m(y)\b{y)\~^° satisfies natural derivative and cancellation 
conditions deriving from b{y) that allows T to be considered as a type of singular integral 
operator. The focus of this paper will be to determine the boundedness properties of such 
T on LP spaces for 1 < p < oo. Most of our results will concern the situation. As 
we will see, the operators we will consider will generalize local singular integral operators 
such as local versions of Riesz transforms, and also classes of local multiparameter singular 
integrals. 


We will see that some of our proofs immediately extend to analogues of singular 
Radon transforms for such singular integral operators. Namely, our results will cover 
some operators of the following form, where x G and h is a real-analytic map from a 
neighborhood of the origin in R"^ into R”^ with h{0) = 0. 

T'f{x)=[ f{x-h{y))a{x,y)m{y)\b{y)\~^°dy (1.2) 


To help define what types of kernels we allow, we now delve into the resolution 
of singularities near the origin of a real-analytic f un ction b{x) with 6(0) = 0. For this 
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we use the resolution of singularities theorem of [Gl], but other resolution of singularities 
theorems including Hironaka’s famous work [H1]-[H2] can be used in similar ways. 

By [Gl], there is a neighborhood U of the origin such that there exist hnitely 
many coordinate change maps {(3i{x)}fLi and hnitely many vectors of 

nonnegative integers such that if p{x) is a nonnegative smooth bump function supported in 
U with p(0) 7 ^ 0, then p[x) can be written in the form p[x) = such a way that 

each pioj3i[x)^ after an adjustment on a set of measure zero, is a smooth nonnegative bump 
function on a neighborhood of the origin with PiO/lj(0) 7 ^ 0. The components of each I3i{x) 
are real-analytic. In addition, f3i is a bjiection from {x : piO Pi{x) 7 ^ 0 , 2 ;^ 7 ^ 0 for all i} to 
{x : Pi{x) 0} — Zi where Zi has measure zero, and on a connected neighborhood Ui of the 
support of pioj3i[x) the function hoj3i[x) is well-dehned and ’’comparable” to the monomial 
meaning that there is a real-analytic function Ci{x) with \ci{x)\ > e > 0 on 17^ 
such that ho j3i[x) — Ci{x)x'^^^... x'^*^ on Ui. This decomposition is such that the Jacobian 
determinant of (3i{x) can be written in an analogous form di{x)xl'^^... x^^ on Up, again the 
Cij are integers and \di{x)\ > e > 0 on Ui. 


In view of the above, one has 

\b{x)\~^p{x) dx =/ \b{x)\~^pi{x) dx 


M 






2 = 1 


M 


/ \bo/3i{x)\ \piO/3i{x))\di{x)xl*\..x^^^\dx 


i=l 


M 


(1.3) 


yy / \ci{x)\ (1.4) 

*=i 


Since pi o /li(0) 7 ^ 0, the tth term of the sum (1.4) is hnite if each —dniij -t- Cij > —1; that 


is, if J < 
h{x) by inf. 


6 i T H" 1 


Thus the number Jq is given in terms of the resolution of singularities of 


6 i J 1 




. The following notion plays a major role in this paper. 


Definition 1.1. The multiplicity of the critical integrability exponent Jo of b{x) at the 
origin is the maximum over all i of the cardinality of {?’ : = Jol- 

One example of the signihcance of the multiplicity is as follows. Let denote 
{x G : Ixl < r} and let m denote the multiplicity of the exponent Jq for b{x) at the 
origin. It can be shown (see chapter 7 of [AGV] for details) that if r > 0 is sufficiently 
small then as e —)■ 0 one has asymptotics of the form 

|{a: G Br : \b{x)\ < e}\ = c,e^°(lne)""-^ + o(e^°(lne)""-i) (1.5) 

Here Cr > 0. One obtains analogous asymptotics for various oscillatory integrals associated 
with b{x). Note that (1.5) shows that the multiplicity is independent of the which resolution 
of singularities process is being used. 
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Singular integrals associated to negative powers of multiplicity one functions. 

Let b{x) be a real-analytic function on a neighborhood of the origin, not identically 
zero, with 6(0) = 0. Let p(a:), and {{mn^ ...jmin)}iti be as above. We will 

dehne singular integrals associated to b{x) as follows. For a given i, we move into the 
”blown-up” coordinates determined by (3i{x) and dehne a type of singular integral that is of 
magnitude bounded by C\x^^^... with corresponding bounds on hrst derivatives, 

which is supported on the support of pi o I3i{x). An appropriate cancellation condition 
will be assumed that will ensure that the kernels are distributions. A singular integral 
associated to b{x) will then be dehned to be a sum from i = 1 to i = M of the blow-downs 
of such singular integrals into the original coordinates. 


Specihcally, we consider ki{x) = X](ji j„)eZ" where for some hxed 

Cq the function is (7^, supported on {x : \xi\ G for all /}, and 

satishes 


\kip^,...,j^{xi,...,Xn)\ < 


I —A 


( 1 , 6 ) 


We also assume that for each / = 1,..., n we have 




Xxi, ...,Xn)\ < Cq- 


y,mi 


|—5o 


\Xl\ 


(1.7) 


The cancellation condition we assume for the multiplicity one case is that for some cq > 0, 
whenever i and I are such that = ho (th® minimum possible value), then where 

JacpXx) denotes the Jacobian determinant of jSi we have 



kipi^... (3^1; • • • 5 Xn) J (iCi, ... Xn) dxi 




( 1 . 8 ) 


To ensure that our singular integrals are well-dehned, we also assume that the support of 
kij^,...,j„{x) is contained in that of pi o Pi{x). We next make the following dehnition. 


Definition 1.2. If b{x) has multiplicity one at the origin, we dehne a singular integral 

kernel associated to b{x) to be a function K{x) of the form K{x) = 

where ki satishes (1.6) — (1.8) and the support condition stated afterwards. 


One can simply explicitly construct K{x) satisfying Dehnition 1.2 for any given 
b{x) with multiplicity one at the origin, but a familiar example can be derived from local 
Riesz transforms: 


Example. Let L{x) be the local Riesz transform kernel given by (f){x) for a cutoh 

function (pix) supported near the origin. Then L{x) satishes Dehnition 1.2 for b{x) = 
xf + ... +x‘^. Here ho = f • For one can write L{x) = -Fi(ic) where Li[x) is supported 

on a cone centered at the Xi-axis. Then if XXx) — {xiXi, ...,XiXi-i,Xi,XiXiJ^i, ...,XiXn), 
the functions Li o Pi{x) will satisfy (1.6) — (1.8) with x^^*^... — x~^. Nonisotropic 
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versions of L{x) will satisfy Definition 1.2 for b{x) of the form x^^^ + ... + for positive 
integers /ci,..., /c^- 

Each K{x) satisfying Dehnition 1.2 can be viewed in a natnral way as a distri- 
bntion as follows. Let kiL^x) denote the trnncated version of ki{x) given by 

kiL{x) — ^ ^ ( 1 - 9 ) 

jl<L for all I 


Dehne the corresponding trnncated (x) by Ki,(x) = ^iL(x), where KiL^x) = 

Pi{x)kiL{l3i^[x))■ Note that Kl{x) is a smooth compactly snpported fnnction. If (^[x) is 
a Schwartz fnnction, then one has 



Kl{x) 4>{x) dx 


M 

/ Pi{x) kiL{/3~^(x)) (f){x) dx 

i=i 


M 

= yy / {pio(3i{x))kiLix)Jaci3i{x){(j)o(3i{x))dx (1-10) 

i=i 

M 

= I {Pi° l3i{x))ki,n,...,jSx) Jacp^{x){(t)o j3i{x))dx (1.11) 

j=l ^ for all I 

Let ^|Ji{x) — {pi o Pi{x)){(f)o j3i[x)). Then '0j(a;) is a smooth compactly snpported fnnction. 
Note that we do nse the fact from [Gl] that the fnnction I3i{x) is dehned and smooth 
on a neighborhood of the snpport of pi o I3i{x) so that there are no issnes concerning the 
smoothness of (/> o I3i{x) on the bonndary of the snpport of pi o I3i{x). Thns we can rewrite 
the expression (1.11) for Kl(x)<P(x) dx as 

M „ 

= yy/ yy kij,,...j^{x)Jacp,{x)tl;i{x)dx (1.12) 

/ TD n 

for all I 

If i is snch that ... x'^^^\~^°\Jacp^{x)\ ~ |a:|a:x®*"| is integrable on 
a neighborhood of the origin, then by (1.6), the form of the tth term of (1.12) ensnres that 
the kernel KiL{x) is a distribntion that converges as L —)■ cxd to a hnite measnre which we 
denote by Ki[x). 

Next, we show that for the i for which |a:)”L..a:((^"|“'^°| Jac^.(a:)| is not integrable, 
the cancellation condition (1.8) ensnres that snch an KiL too converges as L goes to inhnity 
in the distribntion sense to some Ki{x). We will then dehne K{x) = To see 

why this is the case, note that since b{x) has mnltiplicity one, for each snch i there is 
exactly one valne In for which j en+i ^ x other valnes of 1. Write 

i^iix) = ipiixi, ...xi^-i,0,xi^+i, ...,Xn) + xi^^i{xi, ...,Xn), with smooth. 
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The ith term of (1.12) can be written as the snm of two terms. In the hrst, 
is replaced by ... xi^-i,0, ...,Xn) and in the second 'il^i{x) is replaced by Ci{x) 

and by The second term is handled exactly as we handled the 

terms for which \x'^^... x'^^ \ \ JaCj 3 ^ (x) | is integrable since the additional xi^ factor canses 

ns to once again have absolnte integrability of the limiting kernel. As for the hrst term, 
we perform the xi^ integration hrst in the tth term of (1.12). The cancellation condition 
(1.8) implies that the limiting kernel of the resnlt of this integration is similarly absolntely 
integrable in the remaining n — 1 variables, and thns the limit again dehnes a distribntion. 

Thns we see that Ki{x) is a well dehned distribntion for all i and therefore K{x) = 
E.=i K, (x) gives a well-dehned distribntion. Hence if a{x, y) is a Schwartz fnnction on 
Rn+m jg g Schwartz fnnction on R"' then Tf{x) = f{x — y)a{x,y)K{y) dy 

is well-dehned. If for some 1 < p < cxd and some constant C the operators T^f^x) = 
fun f{x — y)a{x,y)KL{y) dy are snch that \\Tl\\lp^lp < C for all Schwartz fnnctions / 
and all L, then an application of the dominated convergence theorem gives that one also 
has I|T/|I< C\\f\\LP(^fin-j for all Schwartz fnnctions, for the same constant C. 

Onr hrst theorem is simply that T is bonnded on L^(R"^). 

Theorem 1.1. Whenever the critical integrability exponent of b{x) at the origin has 
mnltiplicity one, then there is a neighborhood U of the origin snch that if K{x) is snpported 
in U, there is a constant C snch that for all Schwartz fnnctions f{x) one has | |T/| |< 

C'II/IIl2(r-). 

It tnrns ont that it is no harder prove bonndedness for singnlar Radon trans¬ 
form generalizations of T. Namely, let K{x) be as above, and let hi{x),..., hm{x) be 
real-analytic fnnctions on a neighborhood of the origin in R"^ with hi{x) = 0 for all i. Let 
a{x,y) be a Schwartz fnnction on R'” x R”. Then for a Schwartz fnnction f{x) in m 
variables, we dehne T' f{x) by 

T'fix)=f f{xi-hi{y),...,Xm-h^{y))a{x,y)K{y)dy (1.13) 

JR" 

The operator T above corresponds to m = n and hi{y) = yi for all i. We have the following 
theorem. 

Theorem 1.2. Whenever the critical integrability exponent of h{x) at the origin has 
mnltiplicity one, then there is a neighborhood U of the origin snch that if K{x) is snp¬ 
ported in U, there is a constant C such that for all Schwartz functions /(x), one has 

II^^/IUrr*") < C'II/IIlrr’") 

To give a rough idea of how our proofs will work, note that (1.13) can be written as 

M „ 

V/ f{xi-hi{y),...,Xm-h^{y))a{x,y) Pi{y)ki{(3~^{y))dy (1.14) 

JR" 
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Let Ti be the operator corresponding to the tth term of (1.14). Doing a change of variables 
from y to (3i{y) in the integral of (1.14) leads to 

Tifix) = / f{xi - hio/3i{y)^ h^o /3i{y)) a{x, /3i{y)){piO /3i{y))ki{y) Jacp^iy) dy 

./R" 

(1.15) 

Ti is a sort of singnlar Radon transform with kernel a{x, (3i{y)) {pi o I3i{y)) ki{y) Jacp^{y)^ 
which we will be able to analyze by redncing to singnlar Radon transform estimates the 
anthor nsed in [G3]. 

2. Theorems when the multiplicity is greater than one. 

When the critical integrability exponent 5o has mnltiplicity greater than one at 
the origin, the coordinate changes I3i{x) nsed in the mnltiplicity one case will lead to trying 
to prove bonndedness of an operator that resembles a mnltiparameter singnlar Radon 
transform, rather than a (one-parameter) singnlar Radon transform. Unfortnnately since 
the I3i{x) here involve blownps, one often ends ont with a mnltiparameter singnlar Radon 
transform that is not bonnded on L^. Asa resnlt, instead of trying to hnd a general correct 
notion of singnlar integral and prove a general result, when the multiplicity is greater than 
one we will focus on theorems that can be proven in the original coordinates. 

Newton polyhedra and related matters. 

One can often determine the criticial integrability exponent of a function at the 
origin and its mutliplicity through the use of Newton polyhedron of the function. We turn 
to the relevant dehnitions. 

Definition 2.1. Let h{x) be a real-analytic f un ction with Taylor series on a 

neighborhood of the origin. For each a for which ^ 0, let Qa be the octant {t G : 
ti > for all i}. The Newton polyhedron N{b) of b{x) is dehned to be the convex hull of 
all Qa- 


A Newton polyhedron can contain faces of various dimensions in various conhg- 
urations. The faces can be either compact or unbounded. In this paper, as in earlier work 
such as [G2] and [V], an important role is played by the following functions, associated 
to each compact face of N{b). We consider each vertex of N{b) to be a compact face of 
dimension zero. 

Definition 2.2. Let F be a compact face of N{b). Then if b{x) = 'Yha^ctX'^ denotes the 
Taylor expansion of b like above, we dehne bpix) = XlaeF baX^". 

We will also use the following terminology. 

Definition 2.3. Assume N{b) is nonempty. Then the Newton distance d{b) of b{x) is 
dehned to be inf{t : (t, t,..., t, t) G N{b)}. 
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Definition 2.4. The central face of N{b) is the face of N{b) of minimal dimension inter¬ 
secting the line ti = t 2 = ■■■ = tn- 

In Definition 2.4, the central face of N{b) is well-defined since it is the intersection of all 
faces of N{b) intersecting the line ti = t 2 = ... = tn- An equivalent definition that can be 
used (such as in [AGV]) is that the central face of N{b) is the unique face of N{b) that 
intersects the line ti = ^2 = ••• = tn in its interior. 

Extending results of [V], in [G2] the author showed that if the zeros of each bpix) 
on (R-{0})" are of order less than d{b), then the critical integrability index do is equal 
to and the multiplicity is equal to n minus the dimension of the central face of N{b). 
This can be used to compute 5o and its multiplicity for specific examples of interest, such 
as in the following two examples (which are covered by [V]). Suppose b{x) = +... -\-x^ 

with each ki even. Then ho = and m = 1. On the other hand, if 

b{x) = x^f...x^^ then ho = ; and m is equal to the number of times k that max^ 

appears in {/i,..., In}. For in the former case the line ti = ... = tn intersects N{b) in the 
interior of the n — 1 dimensional face with equation + ••• + |^ = 1? while in the latter 
case the line ti = ... = tn intersects N{b) in the n — k dimensional plane determined by 
the equations ti = max^ li for all / such that I = max^ li. 

The function b*{x) 

In order to understand the behavior of functions satisfying the finite-type condi¬ 
tion of [G2], it is often helpful to consider the function b*{x) defined by 

b*{x)= (2.1) 

a vertex of N(b) 


By Lemma 2.1 of [G2], there is a constant C such that for all x one has |6(a:)| < Cb*{x). 
In Lemma 4.1 of this paper we will see that given any 5 > 0 there is a 5' > 0 such that 
|6(a:)| > d'b*{x) on a portion of any dyadic rectangle with measure at least 1 — 5 times that 
of the rectangle. Hence |5(a:)| ~ b*{x) except near the zeroes of |5(a:)|. 

Next, observe that the Newton polygon of any first partial dxib{x) is a subset of 
the shift of N{b) by —1 units in the xi direction. Hence the above considerations tell us 
that 

\dxib{x)\ < C-^b*{x) (2.2a) 

\xi\ 

If 6(x) 7 ^ 0, we also have 




< cf-b*{x)\b{x)\-^-^° 
\xi\ 


(2.26) 


Singular integrals when the multiplicity is greater than one. 
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When the multiplicity is greater than one, the class of b{x) where we will prove 
boundedness of associated singular integrals are the b{x) analyzed in [G2] that were 
discussed above (2.1). Namely, using the terminology of Dehnitions 2.1-2.4, we will assume 
that for each compact face F of N{b), each zero of each bpix) in (R— {0})"^ has order less 
than d{b). As mentioned above, by [G2] in this situation we have 5o = Note that our 
theorems do not require the multiplicity to be greater than one, and in fact the theorems 
here will include some multiplicity one operators not covered by Theorem 1.1. 

In the situation at hand, we dehne a singular integral associated to b{x) as fol¬ 
lows. Let a{x,y) be a Schwartz f un ction on We will consider kernels of the 

form a{x,y)K{y), where K{y) is as follows. We assume that K{y) can be written as 
^(ji j„)6Z"such that for some hxed Ci the function is sup¬ 
ported on {x : \xi\ G [2“-^*, for all /}, is on {x : b{x) ^ 0}, and satishes the 

estimates 

\Kj^,...,jSyi:...:yu)\ <Ci\b{yi,...,y^)\~^° (2.3) 

Motivated by (2.26), we also assume that if 6(yi,..., y^) ^ 0 then for each / we have 

•••,2/n)| < C'i^6*(yi,...,yn)|^>(yi,-,yn)r^“^° (2.4) 


We further assume the cancellation conditions that for each I we have 

/ A:ji,...j„(yi,...,yn)% =0 (2.5) 

Jr 

In Lemma 4.2, we will see that in the settings of our theorems (Theorems 2.1 and 2.2) 
each j^(yi, ...,yn) is integrable, so (2.5) makes sense if we assume it holds whenever 

(yi,..., yn) is integrable in the yi variable for hxed values of the other y variables. 

We will also assume that Kj^^,,,j^{yi,...,yn) is identically zero when [2.~F ... 

X [2“-^", C'i2“'^"] is not contained in a certain neighborhood of the origin to be determined 
by our arguments. 

Some motivation for our dehnition of a singular integral associated to b{x) is the 
fact that for traditional multiparameter singular integrals, often a sufRcient and necessary 
condition for boundedness is that the kernel be expressible as a dyadic sum of terms 
satisfying standardized estimates as well as a cancellation condition. We refer to Theorem 
2 of Lecture 2 of [N] for an example of a theorem of this nature. We also refer to the 
standard references [FS] and [NS] for more general information about multiparameter 
singular integrals. 

Example 1. Let b{x) = a:“L.. for nonnegative integers ai,..., with at least one ai be¬ 
ing nonzero. Then ho = ——: here. If Mx) is a cutoff function supported on a sufficiently 
small neighborhood of the origin, K{x) — (—..., a:^)|6(a:)|“'^° will 



satisfy (2.3) —(2.5). In particular, K{x) — (— 1 ^ ^ qual¬ 
ifies. 

Example 2. Let f{xi,...,Xn) be any real-analytic function with /(O, ...,0) = 0, and 
let b{x) = /(xf, ...,x‘^). Then if (f){x) is a cutoff function supported on a sufficiently small 
neighborhood of the origin, K{x) = (^{x\, ...,x\)\b{x)\~^° will satisfy 

(2.3) - (2.5). 


For a hxed value of x, the function a{x, y)K{y) can be viewed in a natural way 
as a distribution in the y variable as follows. This will resemble the discussion following 
(1.9). Let KL{y) = Yl,ji<L for all I let 4>{y) be a Schwartz function. Then 

/ a{x,y)KL{y)(t){y)dy = / ^ Kj^^,„j^{y) a{x,y) (j){y) dyi...dyn (2.6) 

j^<L for all l 


Let a^{y) = a{x,y)(f){y). Then we may write a^^^y) = cTa;(0,r/2, + ViCxivi, •■■,2/n) for 

some smooth ■■■^Un)- Then the right-hand side of (2.6) can be rewritten as 

I ^ ^ di■■■lyri) y‘2.1 ■■■1 Vri) dy\...dy^ 

^ jl <L for all I 


+ d{j^^,„j^{yi,...,y^)yi^xiyi,-,yn)dyi...dyn (2.7) 

^ jl <L for all I 

Because of the cancellation condition (2.5) in the yi variable, the hrst integral of (2.7) 
is zero. We next similarly write Cxiyi, ■■■,yn) = ^a;(2/i, 0, r/ 3 ,..., r/n) + y 2 ix{yi, ■■■,yn) and 
insert it into (2.7), obtaining 


'R" 


E 

jl <.L for all I 


Kn, 


, (2/1, •••, yn) 2/12/2 ^x{yii •••, 2/n) dyi...dyr 


( 2 . 8 ) 


Going through all the yi variables in this way, we see that a{x^y) K^ify) (p[y) dy is 
equal to an expression 

/ X] (2/1,-, 2/n) 2/12/2-2/n (2/1,-, 2/n) rf2/l-t^2/n (2.9) 

^ jl <L for all I 


Here rjxiyii ■■■ly-n) is smooth in both the x and y variables. We will see in Lemma 4.2 
that the condition on the order of the zeroes of the functions bpix) on (R — {0})"^ implies 
that the integral of |6(a:)|“'^° over any dyadic rectangle in U is uniformly bounded. Thus 
(2.3) implies that itrji,...,j„(2/) 2 /i 2 / 2 --- 2 /n is absolutely integrable over U. Hence a{x,y)K{y) 
is naturally a distribution in y when K{y) is supported in U if its action on <^{y) is given 
by 

{a{x,y)K{y),(j){y)) = / ^ j„(i/i,..., y^) i/ii/2-2/n w(2/i,2/n) c^2/i-t^2/n 

( 2 . 10 ) 
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One can then nse (2.10) to define Tf[x) = f{x — y)a{x,y)K{y) dy for Schwartz fnnc- 
tions /, and then examine bonndedness of snch integral operators on spaces. We have 
the following theorem in this regard for p = 2. 


Theorem 2.1. Snppose each polynomial bpix) only has zeroes of order less than d{b) on 
(R-{0})". Snppose also that there is a Oq > 0 and a neighborhood U of the origin snch 
that for each /, there is a set Z C of measnre zero snch that the fnnction dxib{x) 

has at most Cq zeroes in U on any line parallel to the xi coordinate axis whose projection 
onto the plane xi = 0 is not in Z. Then there is an i? > 0 snch that if each ... 
satisfies (2.3) — (2.5) and is snpported on \y\ < R, then there is a constant C snch that 
I|t/iu.(r.)<c||/iu.(r.) for all Schwartz fnnctions f{x). 

The condition concerning zeroes on lines parallel to the coordinates axes is needed 
for technical reasons in the proof. Note that this condition holds whenever b{x) is a 
polynomial, and it is not hard to see that it always holds in two variables, nsing the 
Weierstrass Preparation Theorem for example. The anthor does not know if it holds for 
all real-analytic fnnctions, so it is inclnded as an assnmption in Theorem 2.1 (and in 
Theorem 2.2 below). 


For p 7 ^ 2, we have a weaker statement. To motivate the statement of the theorem, in 
(4.2) and the line afterwards we will see that if each polynomial bpix) is nonvanishing on 
(R-{0})", then there are constants Ci and C 2 snch that 

Cib*{x) < \b{x)\ < C 2 b*{x) (2.11) 


Hence in this sitnation (2.4) becomes 


\Sy,Kh. 


•>3n 


{yi,...,yn)\ < C[^{b*{yi,...,yn)) 

m 


( 2 . 12 ) 


For the theorem, we need bo un ds on derivatives of higher order in order to apply 
the Marcinkiewicz mnltiplier theorem. Hence we assnme that each ... j^(pi,..., y^) is a 
(^n+i function and there is a constant C snch that for any mnltiindex a with 0 < |a| < n-|-l 
we have 


\d^ 


Kn. 




Xvi 


<yn)\ s 


< c 




-ib*{yi, ...,Pn)) 


-<5o 


(2.13) 


The condition (2.13) is motivated by the fact that by iterating (2.2a), the bonnds (2.13) 
hold for |6(a:)|“^° whenever each bpix) is nonvanishing on (R — {0})"". 


Onr theorem is as follows. 


Theorem 2.2. Snppose each polynomial bpix) is nonvanishing on (R — {0})"^. Snppose 
also that there is a (Fq > 0 and a neighborhood U of the origin snch that for each /, 
there is a set Z C R"^“^ of measnre zero snch that the fnnction dxib{x) has at most 
Co zeroes in U on any line parallel to the xi coordinate axis whose projection onto the 
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plane = 0 is not in Z. Then there is an i? > 0 snch that if each satishes 

(2.3), (2.13), (2.5) and is snpported on \y\ < R, then if 1 < p < cxd there is a constant C 
snch that ||T/|< C\\f\\LP(^-Rn'j for all Schwartz fnnctions f{x). 

Going back to the examples preceding (2.6), in the hrst example where b{x) = 
each kernel K(x) = (—,...,x^)|6(a:)will be covered 
by Theorems 2.1 and 2.2. As for the second example where b{x) = /(xf,..., x^), the 
maximu m order of any zero of any bpix) on (R — {0})"^ is the same as the maxim um order 
of any frix) on (R^)"". So when this qnantity is less than d{b) = 2d{f), K{x) will fall 
nnder the conditions of Theorem 2.1. When each frix) is nonvanishing on (R"*”)"^, then 
K{x) will fall nnder the conditions of Theorem 2.2 as well. 

3. Proofs of theorems when the multiplicity is equal to one. 

Since Theorem 1.1 is a special case of Theorem 1.2, we prove Theorem 1.2. 

Proof of Theorem 1.2. 

Theorem 1.2 will follow if we can prove each that for each i there is a constant 
C snch that ||T)/|for all Schwartz fnnctions f{x). Here R is as in 
(1.15). Let rriij and Cij be the monomial exponents of 6 o (3i{x) and Jaci 3 ^{x) as before. If 
i is snch that 5o < for each j, then the kernel of R is absolntely integrable and 

bonndedness is immediate. Thns it snfhces to consider only the i for which there is some 
I for which 5o = 2+^. Since we are assnming b(x) has mnltiplicity one, there will only be 
one snch / for each snch i. Writing h o jdiiyj) = (hi o (3i{y), ..., hm o Pi{y)), (1-15) can be 
rewritten as 

Tif{x)=[ f{x-ho/3i{y))a{x,/3i{y)){piO/3i{y))ki{y)Jaci3^{y)dy (3.1) 

JR" 

It is more convenient for onr proofs that there be no nonzero A snch that A ■ (h o /3i{y)) is a 
linear fnnction of y. This can be accomplished as follows. If there is a nonzero A snch that 
A ■ (h o I3i{y)) is the zero fnnction, then on each hyperplane orthogonal to A, the operator 
Ti restricts to an operator of the same type as Tj here, except the ambient space is of one 
lower dimension. Repeating as necessary, we may assnme that A ■ (h o /3i(p)) is never the 
zero fnnction for any nonzero A. It is worth mentioning that we are nsing the fact that 
h o ldi{y) extends to a connected neighborhood of the snpport of pi o Pi{y) to ensnre we 
don’t have different fnnctions on different connected components to worry abont. 

One can fnrther ensnre that X- {ho (3i{y)) is never linear by letting (pi, ...,yn) = 
{zf, ..., zfi) with the corresponding change from (3i{yi, ■■■,yn) to Pi{z) — Piizf, ..., z^). The 
exponents rriij and Cij can change, bnt (1.6) —(1.8) and the other properties from resolntion 
of singnlarities that we are nsing will still hold. Thns in the following, withont loss of 
generality we will always assnme that we are working in a sitnation where X- {ho /3i{y)) is 
not linear for any nonzero A. 
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Let k,L{x) = for all I Kh,-, 3 S^) m (1-9), and let Til be defined by 

TiLf{x)= [ f{x-ho l3i{y))a{x,l3i{y)){piO j3i{y))kiL{y) Jacp^{y)dy (3.2) 
jR" 

In order to prove Theorem 1.2, it snffices to show that is bonnded on with bonnds 
nniform in L. We can rednce to the case where (pi o /3i(y))a(x, /3i(y)) is replaced by a 
fnnction of y (i.e. the operator is translation-invariant) throngh the following lemma. 

Lemma 3.1. Define Uiz, by 

UiLf{x)=[ f{x-ho/3i{y))kiL{y) Jacp^{y)dy (3.3) 

JR" 

If there is a constant C depending on b(x) (and the resolntion of singnlarities procednre we 
are nsing on it), hi(x), ..., hm(x), and the constant Cq of ( 1 . 6 ) —( 1 . 8 ), snch that ||L^iL/||p < 
(71 I/I Ip for all Schwartz / and all L, then there is a constant C' such that | iT^x, /llp<C''ll/llp 
for all Schwartz / and all L. 


Proof. Let 7 ( 0 ;, y) be the Schwartz function (pi o Pi(y)) a(x, Pi(y)). We use the Fourier 
inversion formula in the x variable and write 

'j(x,y)= f 7 (t,y) (it (3.4) 

JR"" 

Here 7 (t, y) refers to the Fourier transform in the x variable only. If / and g are Schwartz 
functions then TiLf(x)g(x) dx is equal to 


R*" L j R*" \ J R 


f(x-ho j3i(y)) 7 (t, y) kiM Jacp^{y) dy 


Stated another way, let UiLt denote the operator 


dt 


(3.5) 


UiLtf(x)= / f(x-ho l3i(y))^(t,y)kiL(y)Jacp.(y)dy 


(3.6) 


'R" 


Then TiLf(x)g(x) dx is equal to 


UiLtf{x) X (e 


it^X^+...-\-it^Xr. 


g(x)) dx dt 


(3.7) 


'R"* JR" 


Since /(t, y) is Schwartz, under the assumptions of this le mm a there is a constant K such 
that ^ 

||b^7Lt||LP(R")^LP(R") < , ui^,+i (3-8) 


1 + |t| 
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Thus by (3.7) and Holder’s inequality we have 



TiLf{x)g{x)dx 


<i^ll/llplll7ll 




1 + |t| 


m+1 


dt 


(3.9) 


Thus the TiL are bounded on uniformly in L and we are done with the proof of Lemma 
3.1. 


We now proceed to proving uniform bounds on the UiL. Taking Fourier trans¬ 
forms, we get 

^(A) = /(A) f JacgM dy (3.10) 

jR" 

Hence in order to prove Theorem 1.2, it suffices to show that there is a constant C such 
that \BiL{X) \ < C for each t, L and A, where 

S^L(A) = f hL{y) JacgM dy (3.11) 

JR.^ 

Without loss of generality, to simplify notation in the following we will assume that the 
I for which ho = is / = 1. Next, we write the factor kiL{y)Jacp.{y) in (3.11) as 

'l2m<LPirnLiy)j where we add over the dyadic pieces in the y 2 ,---,yn variables to form 
PimL (y) • 

PimLiy)= ki,m,h,-,jAy) JaCgM (3.12) 

{j 2 ,---,jn)-jl<L for all 1>1 

Then (1.6) implies the estimates 

\p^n.Liy)\ < (3.13) 

Similarly, (1.6) — (1.7) implies that for each / we have 

\dy,p^mL{y)\ < (3.14) 

\yi\ 

The cancellation condition (1.8) gives 


PimLiyi: ■■■■> Pn) dpi 


'R 


< C2 


— eQTn 


(3.15) 


Note that —+eii = —1 here, while the other exponents are all greater than —1. If one 
changes variables yi — in (3.11) for some I > 1, instead of having a factor ^yi^-^omn+eu 
in (3.13) — (3.14) one has a factor of One also gains an additional factor 

of N\zi\^~^ from the Jacobian of the coordinate change. Thus overall one has a factor 
of _j_ y jf jy jg large enough this factor will be 

bounded by just \zi\ and thus one can remove the zi variable from (3.13) — (3.14). Stated 
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another way, if one changes yi — zf for all / > 1 (making N odd to ensnre it’s a one-to-one 
map), (3.11) becomes 


S,l(A) = / (3.16) 

Here qiL{z) = Y.m<L ^iimLiz), where qimbiz) satishes 

\q^mL{z)\ < C\zi\-^ (3.17) 

\dz,qimL{z)\ <C\zi\~‘^, V/> 1 \d^i qimL{z)\ < C\zi\~^ (3.18) 

[ qimL{zi,...,Zn)dzi <(72“^°"" (3.19) 

Jr 

Letting fi{z) = h o (3^(^zi, Z 2 , ■■■, z^), (3.16) becomes 

S,l(A)= [ e^^-fd-\,L{z)dz (3.20) 

2 R" 


In view of the discnssion above (3.2), we may assnme that A ■ fi{z) is not linear for any 
nonzero A. Therefore, writing A = |A|a; for u G 5'"^“^, by a compactness argnment on 
Sm-i ^ supp{qiL), we may restrict consideration to a; to a small neighborhood N in S‘^~^ 
and replace qiL^x) by a{x)qiL{x) for a fnnction a{x) snpported on a ball B^xo^ro) on 
which there is an e > 0 and a single directional derivative dy such that |9“(a; ■ fi){z)\ > e 
on 5 ( 2 : 0 , ro) for some a > 2. We can do this in such a way that v has a positive xi 
component. Thus if x denotes the hrst component of xq, for oj E N we are attempting to 
bound DiL{\ Z 2 ,..., z^) dz 2 ...dzn, where 

AL(A,Z2,...,^n) = [ e*l^l(‘"'^^)«"’"^’-’"")+*")a((2:,Z2,...,^n)+t^) 

Jr 

xqiL{{x,Z 2 ,...,Zn)+ tv)dt (3.21a) 

Thus to prove Theorem 1.2, it suffices for our purposes to bound DiL^X, Z 2 ,..., Zn) uniformly 
in L, A, ^ 2 , for oj E N. For this, it suffices to bound DiL^X, X,Z 2 , ■■■, Zn) uniformly in 
L, A, A, Z 2 ,..., Zn for ui E N, where 


AL(A,A,Z2,...,^n) = / 5l^l(‘"'^*)«"’"^’-’"")+*")+*^V((a:,Z2,...,^n)+tr^) 


xqiL{{x, Z 2 , ..., Zn) + tv) dt 


(3.216) 


But similarly to (3.10) — (3.11), such uniform bounds for DiL^X, A, Z 2 ,..., Zn) fol¬ 
lows from uniform boundedness on of the singular Radon transforms along curves in 
of the form 

UiLLuz2-z„f{xi,X2)= / f{xi-t,X2-{u)- fi){{x,Z2,...,Zn)+tv)) 

Jr 
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Note that 


xa{{x, Z2, Zn) + tv) qiL{{x, Z2, Zn) + tv) dt 


( 3 . 22 ) 


\qimL{{x,Z 2 , ...,Zn) + tv) - qimL{{x, Z 2 , Zn) + 0, 0)) | < Cjt | HiaX SUp (^) | 

Z>1 

(3.23) 

By (3.18), since |t| < (72“"" and l^i] ~ 2“"" we have 

\qimL{{x,Z 2 ,...,Zn) + tv) - qi^nL^X, Z 2 , Zn) + t(ni, 0..., 0)) | < C' (3.24) 

Hence by the cancellation condition (3.19) one has 


'R 


qimLiix, Z 2 , ..., Zn) + tv) dt < C"2 


(3.25) 


Since a{{x, Z 2 ,..., Zn)) + tv) = a{x, Z 2 ,..., Zn) + 0{\t\), nsing (3.17) one also has 



a{{x, Z2, ..., Zn) + tv) qimL{{x, Z2, ..., Zn) + tv) dt < C"'2 "o"" 


(3.26) 


In other words, we have a cancellation condition in (3.22) derived from (3.19). The constant 
C" in (3.26) depends on b{x), hi{x), ..., hm{x) and the constant C of (3.17) — (3.19), which 
in tnrn depends on h{x) and the constant Cq of ( 1 . 6 ) — ( 1 . 8 ). 


The argnments of [G3] provide bonnds for the operators Ui luj Z 2 ...zn nnder the 
assnmptions (3.17) — (3.19) and a lower bonnd on \d^{oj ■ fi){z)\ that are nniform in L, 
oj, Z 2 T..,Zn for oj E N. (A slightly stronger cancellation condition is assnmed bnt (3.19) 
snfhces). This is becanse the bonnds obtained in [G3] are at least as strong as the bonnds 
obtained when the convolntion is over the cnrve (t,t“), in which case the bonnds can be 
expressed in terms of the constant C of (3.17) — (3.19), the constant G" of (3.26), and the 
fnnction hoj3i[x). For the ball B{xq, ro) on which a{x) is snpported, how small vq needs to 
be for the nniform bonnds to hold will also be nniform in the varions parameters bnt may 
be smaller than the ro we originally selected. However, this can be corrected by writing 
a{x) as a hnite snm of bnmp fnnctions with smaller snpport if needed. This completes the 
proof of Theorem 1.2. 


4. Proof of theorems when the multiplicity is greater than one. 

We start with some facts from [Gl] - [G2] which will help us understand the 
distribution function of b{x) and related properties of integrals of | 6 (a:)|“'^°. The construc¬ 
tions in [Gl] are slightly better for our purposes so we bring our attention to them. By 
Lemmas 3.2’ - 3.5 of [Gl], if 17 is a sufficiently small neighborhood of the origin, up to a 
set of measure zero one may write U — ufLiUi as a hnite union of open sets such that the 
following hold. Each Ui is contained in one of the 2" octants determined by coordinate 
hyperplanes. For each i, there is some integer 1 < ki < n and a function 7 ^ : R" —)■ R" 
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such that each component of 7 ^( 2 :) is plus or minus a monomial and satishes the 

following. If ki < n, then there are cubes ( 0 , 77 ^)^* and ( 0 , 77 ^^* with 77 ' > rji and bounded 
open sets Oi C O' whose closures are a subset of {x G > 0 for all /}, such that 

X Oi c 7r‘(Oi) c X O' ( 4 .I 0 ) 

If ki — n, then there are cubes (0, rji)^^ and (0, 77 ^^* with r][ > rji such that 

( 0 .,j)‘'C 7 r‘(Oi)C( 0 ,,')'" (4.1(>) 

In either case, there is a monomial mi{xi, ...,Xki) and constants Ci, O' such that on 'y~^{Ui) 
one has 

Cimi{xi, ...,Xki) < \b* o7i(a:)| < O'777^(2:1,( 4 . 2 ) 

If ki = 77, then ( 4 . 2 ) holds with b* o 7^(2:) replaced by 6 o 7^(2:). If ki < 77, then on 7 “^( 0 ) 
the function b o 7^(2:) can be expressed as 777^(2:1,..., Xki)gi{xi ,..., Xn) where 777^(2:1,..., Xki) 
is a monomial and where gi{xi, ...,Xn) satishes the following. One may write 7j~^(Oi) = 
U^^Vij such that for each i and j there is an e > 0, a compact face Fi of N{b), and a 
directional derivative . in the last n — ki variables, such that | 9 “h( 7 i( 2 :i, ..., 2:^)1 > e on 
Vij for some aij > 0 which is at most the maximum order of any zero of bpiixi, ■■■,Xn) on 
(R- {0})". When = 0, we interpret dvlj gi{x) to just mean gi{x). 

For a given e > 0, the following lemma explicitly bounds the measure of the 
portion of a dyadic rectangle where \b{x)/b*{x)\ < e in terms of the maximum order of the 
zeroes of the bpix) on (R — {0})"^. 

Lemma 4.1. Suppose p > 0 is an integer such that the zeroes of each bpix) on (R — {0})"^ 
are all of order at most p. Then there is a neighborhood U of the origin and a constant 
C > Q such that if R C 17 is a set of the form { 2 : G R^ : 2- 7* < \xi\ < 2 2 l+ij for integers 
R,then 

|{ 2 : G R : | 6 ( 2 :)/ 6 *( 2 :)| < e}| < Cep\R\ (4-3) 

Proof. It suffices to show for each i an estimate of the form |{ 2 ; G R fl 17^ : | 6 ( 2 :)/ 6 *( 2 :) | < 
e}| < Cep\R\. Since the components of 77 ( 2 :) are all monomials, the absolute value of 
the Jacobian of 7 ^( 2 :) is of the form Cix\^^ ... x^^'^ for some integers eii,...,ei^ and some 
Ci > 0. Viewing |{ 2 : G R fl 17^ : | 6 ( 2 ;)/ 6 *( 2 ;)| < e}| as the integral of 1 over { 2 : G R fl 17^ : 

16 ( 2 :)/ 6 *( 2 ;)I < e} and changing coordinates via 77 ( 2 :), one obtains 

|{Rnl7i : 1 6 ( 2 :)/ 6 *( 2 ;)I < e}| = f Cix\^^... x^^'^ dx (4.4) 

2 |b07i(x)/6*07i(x)|<e} 

Note that by (4.2) and the following paragraph, one has \b o ■yi[x)/b* o 7 ^( 2 ;)! > C'gi{x) 
for some constant C (We can include the ki = n situation here by dehning gi{x) = 1 ). 
Thus in order to bound (4.4) by an expression of the form Cep |R|, it suffices to show the 
following estimate of the following form for each i and j. 

/ xl^^ ...xf^^" dx < Cep\R\ (4.5) 

2 {xej~^{R)nVij: gi{x)<<i} 
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If the multiindex in the paragraph after (4.2) is zero, then gi{x) is bounded below, and 
thus (4.5) reduces to showing that x^^ dx is bounded by a constant times 

|i?|, which follows immediately from changing back into the original coordinates using 7 ^. 
Thus it suffices to assume aij > 1. Note that this only occurs if ki < n. Since the hnal 
n — ki variables are bounded below on Vij^ it suffices to prove a bound 

[ dx <Cep\R\ (4.6) 

j {xej~^ {R)nVij: gi{x)<£} 

We now integrate the left-hand side of (4.6) starting with the Vij direction. Since aij < p, 
by the measure version of the Van der Corput lemma (see [C] for details), the integral 
in the Vij direction is at most Cxi^^...Xi^[ If we next perform the integration in the 
remaining n — ki — 1 directions of last n — ki variables (if any exist), then if denotes the 
projection on R” onto the hrst ki variables, we obtain 


/ 

J {xe'r^ ^ {R)r\Vij-. gi{x)<e} 


X, 




dx < Cep 


iC-\R)nVij) 


X 


^il 


dxi...dxki (4.7) 


Cep [ 

tL 1 .. 

. dxi...dxki 

(4.8a) 

J 7Ti{-f-\R)nVij)x[i,2]^->‘i 



C'ep [ 

rp^il 
R/1 . 

.. x®*" dxi...dxn 

(4.86) 





Because the last n — ki coordinates of the points in Ui are bounded above and below away 
from zero, there is a constant Cq > 1 such that if {xi, ..., Xn) G 7 ri{'y~^{R) H Vj) x [ 1 , 2 ]"'“^* 
then there is a point (yi, ...,yn) G 71 Vij such that ^ ^ < Co for each /. This 

property is preserved under monomial maps (perhaps with a different constant Ci), so 
the image of 7ri(7“^(R) fl Vij) x [ 1 , 2 ]"'“^* under 7^ is a subset of a corresponding dilate of 
71 Vij), which in turn is a subset of the dilate of R. Denote this dilate by R*. 
Changing coordinates in (4.8) back into the original coordinates via 7 ^, we see that 


Cep 


/ 


dxi...dxn < C" 


ep 



1 dx 


= C'"ep\R\ (4.9) 

This is the desired estimate (4.6) and we are done. 

We also will make use of the following result. 

Lemma 4.2. Suppose the zeroes of each bpix) on (R — {0})"^ are all of order less 
than d{b). Then there is a neighborhood U of the origin and constants C, ry > 0 such 
that if e > 0 and R C V is a set of the form {x G R"^ : 2“'1‘ < \xi\ < 2“'^1+^}, then 
|b(x)|<e|6*(a;)|} l^(^)l~'^° < Ce^. In particular, since there is a constant C such that 
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|6(a:)| < C'h*{x) on any snch i?, there is a constant C" snch that < C" for 

snch R C U. 


Proof. Since the terms of b*{x) are absolnte valnes of monomials, there is a constant 
c > 1 and an xo G -R snch that cb*{xo) > b*{x) > ^b*{xo) on R. Hence it snffices to prove 
an estimate of the form |b(a;)|<e|6*(a;o)|} < C'e^- By the relation between 

norms and distribntion fnnctions, applied to one has 


'{xeR: |b(a;)|<e|6*(a:o)|} 


^OO 1 

= ho / G-R : |6(a:)| < min(e|6*(a:o)|,-)}| dt 


(4.10) 

It is natnral to break np (4.10) into two pieces, the hrst where t < . and the second 


where t > Then the right-hand side of (4.10) becomes 


eb*( xq) 


^|{a:GR: |6(a:)| < e|6*(a:o)|}| dt-|-ho 




^[{a: G R : |h(a:)| < ■^}| dt 


Performing the hrst integral in the hrst term of (4.11) resnlts in 

e“'^°|6*(a:o)r'^°|{a: G R : |6(a:)| < e|6*(a:o)|}| 


(4.11) 

(4.12) 


By Lemma 4.1, (4.12) is bonnded by C\b*{xQ)\ ^°|R| for some p < d{b) = Hence 


we have 


' {xeR: |&(a;)|<e|&*(a:o)|} 


\bix)\-^° < C\b*{xo)\~^°ep~^°\R\ 


poo 1 

+ho / |{a: G R : |6(a;)| < -}| dt 


(4.13) 




Note that {x G R : |h(a;)| < |} C {x G R : |h(a;)| < b*{x)}, so by Lemma 4.1 for 

some constant Cq we have 


' {xeR: |&(a;)|<e|6*(xo)|} 


/ LXJ 

^5o-l 


eb* (xq) 


tb*{xo) 


|R| dt 
(4.14) 

Note that the exponent ho — 1 — - is less than —1 since p < d{b) — Hence integrating 
the second term on the right of (4.14) leads to the following for some constant Ci. 

[ \b{x)\-^° <C\b*{xo)\~^°ep~^°\R\+Ci\b*{xo)\~^°ep~^°\R\ (4.15) 

J{xeR: |b(x)|<e|&*(a:o)|} 

Since |R| ~ \xi... Xn\ for any (xi,..., Xn) G R, in order to prove Lemma 4.2 with rj = ^ — ho, 
it snffices to show that there is a constant C 2 snch that for any x we have 


\xi...xj,{b*{x)) ^°<C 2 


(4.16) 
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(4.17) 


Since Sg = in the case at hand, (4.16) is eqnivalent to the statement that 

Since (d(b),d(b)) is on the Newton polyhedron N(6), there are nonnegative ai with ai + 
... + ctfc = 1 snch that each component of {d{b ),..., d{b)) is greater than or eqnal to that of 
CKifi+ ...+ Q;A;nfc for some vertices fi,...,ffc ofN{b). Hence \xi...Xnf'^^^ < 1“'“. 

So by the generalized AM-GM ineqnality one has \xi...Xn\'^d>'^ < ^ b*{x) as 

needed. This completes the proof of Lemma 4.2. 

Similar to the mnltiplicity one case, in order to show ||T/||p < G||/||p for all 
Schwartz / for a given 1 < p < cxd, it snffices to show the that if K{y) is snpported on 
a snfficiently small neighborhood of the origin there is a constant C snch that ||Ti/||p < 
G||/||p for all Schwartz / and each L, where T^fi^x) = f{x — y) a{x,y) K^^y) dy. Here 
KL{y) = Yl,ji<_L for all I in (2.6). As in Lemma 3.1 for the mnltiplicity one 

case, we may also replace a{x, y) by jnst 1. Thns we focns onr attention onU^ given by 

ULf{.x) = / f{x- y)KL{y) dy (4.18) 

jR" 

Onr goal will be to prove is bonnded on with a norm independent of L nnder 
the hypotheses of Theorem 2.1 or 2.4. The next two lemmas provide bonnds on the 
\ that allow ns to prove snch nniform bonnds. 

Lemma 4.3. Under the assnmptions of Theorem 2.1, there is a constant G > 0 snch that 
if I is snch that 2“-^' \^i\ < 1, then 


\K. 


ji, 


iJn 


(01 < 02-^-'161 


Proof. A:ji,...j„( 0 is given by 

f dx (4,19) 

Since the integral of in the xi variable is eqnal to zero by (2.5), one can snbtract 

from the integrand in (4.19) withont changing the integral, so we 

have 

GA..(0= / Kn .,„(i)(e-‘««-l)eS«.-«‘'*dx (4,20) 

JR" 

Since \^ixi\ ~ 2“'^i|6| < C when ^ 0, in (4.20) one has that — 1) < 

C\xi^i\ < G'2“^*|6| and we get 

|iC^,„(6l < C'2-^^U [ \K,^_,^{x)\dx (4.21) 

JR" 
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Using Lemma 4.2 we obtain the desired estimate 

|aUL„(«)I<C"2-^‘|6I (4.22) 

Lemma 4.4. Under the assnmptions of Theorem 2.1, there are constants p, (7 > 0 snch 
that if / is snch that > 1, then 

|/CU„(oi < 

Proof. Let (Ji{x) be a smooth increasing nonnegative f un ction on R+ with (Ji{x) = 1 for 
|a:| < 1 and (Ji{x) = 0 for |a:| > 2. Let (J2{x) = 1 — ai{x). For a constant po > 0 to be 
determined by onr argnments, for any hxed xq in the dyadic rectangle corresponding to 
(ji,..., in) we write 


K 


.(0=/ ffii 14V 




b*{xo) 






+ 


'R’ 


. dx (4.24) 


The hrst term of (4.24) is bonnded by 


\K. 


31, 


lOn 


(x)! 


J {x:\b{x)\<2{2 b*{xo)} 

Using (2.3) and Lemma 4.1, we see that this term is at most C{2 
which gives the bonnd of the right-hand side of (4.23). 


-ji 


(4.25) 


l^il) ■3" for some d. 


Proceeding to the second term of (4.24), we integrate by parts, integrating the 
Q-t^ixi-...-t^nXn factor in the xi variable and differentiating the remaining factors. The 
resnlting term is given by 


1 



a 


Xl 


cr2 



161)"° 


l^(^)l 

b*{xo) 


K 


31, 



g ••• i^nXn 


(4.26) 


If the Xl derivative in (4.26) lands on the factor, one obtains a term which by 

(2.4) is bonnded by 


<71 


161 


'R" 


^2 (2-^'161) 


\b{x)\\ 1 
b*{xo)) \xi\ 


b*{x)\b{x)\ ^ dx 


(4.27) 


Dne to the a 2 factor in (4.27), on the snpport of the integrand of (4.27) we have |6(a:)| > 
{2~^X^i\)~^°b*{xo)- Thns (4.27) is bonnded by 


C 


'161 




161)"° 


l^(^)l 

b*{xo) 


1 

\xi\ 


b*{x){2-^^\Ci\Y°^^+^°'>b*{xo)~^~^° dx 


(4.28) 
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Here denotes the (expanded) dyadic rectangle-like set on which is snp- 

ported. Since cr 2 (t) < 1 for all t, \xi\ ~ 2“-^* on and b*{x) is within a constant 

factor of b*{xQ) on (4.28) is bonnded by 


C'2 



( 2 “^'*|^i|)^°(^+'^°) 



{b*{x)) dx 


(4.29) 


By Lemma 4.2 (which applies to negative powers of the smaller f un ction |6(a;)|), we see 
that the above is bonnded by 







(4.30) 


Thns so long as po is chosen so that po(l + <^o) < ^ for example, this term of (4.26) satishes 
the bonnds needed in this lemma. 


We now bonnd the term where the derivative in (4.26) lands on the cr2((2 |^;|)^° ) 

factor. Observe that 


d 


XI 


<^2 




Since |6(a:)| > (2 ^°b*{xQ) in the snpport of the a' factor, by (2.3), on the snpport 

of the integrand of this term of (4.26) we have 

\Kn.....iJx)\ < (4.32) 

As a resnlt, the absolnte valne of the term of (4.26) in qnestion is bonnded by 

We hrst integrate in the xi variable in (4.33). By the hypotheses of Theorem 2.1 concerning 
zeroes of dxib{x), for any hxed valne of the remaining n — 1 variables (ontside a set of 
measnre zero) the domain of integration in the xi variable can be written as the un ion 
of bonndedly many intervals on which dxi 161)^° b*(^o) )) does not change sign. 

Thns on each of these intervals this derivative integrates back to the fnnction. Since a 2 
is bonnded this means the xi integrals in (4.33) are nniformly bonnded in the remaining 
variables. Thns doing the xi integral hrst and then integrating over the remaining variables 
shows that (4.33) is bonnded by 

C5\Ci\-\2-^^\Ci\Y°^<^\b%xo)\-^°2^^^^~^' (4.34) 

Since b*{x) ~ b*{xQ) on (4.34) is bonnded by 

[ \b*ix)\-^<^dx (4.35) 


C4\Ci\-\2-^^\Ci\r^<^\b%xo)\-^<^ f 

jRi 
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As in (4.30), the integral in (4.35) is nniformly bonnded and we obtain the bonnd 


cj{2-^^\^i\roSo 


1 


(4.36) 


So as long as pqSq < 1, we see from (4.36) that the term of (4.26) nnder consideration is 
also is bonnded by the right-hand side of (4.23). We have now shown that the hrst term 
of (4.24) and each term of (4.26) all are bonnded by the right-hand side of (4.23) and thns 
we are done with the proof of Lemma 4.4. 


Proof of Theorem 2.1. 


We will prove bonndedness of Ul nniformly in L by bonnding the Fonrier trans¬ 
form KLiO uniformly in L and Since A:l(0 = for aiu 

we have the bonnd 


\K2m< Y. .j»K)i U37) 

for all I 

We nse the better of the two estimates from Lemmas 4.2 and 4.3 in each term of (4.37) 
then add the resnlt. Let (/ci,..., kn) be the vector of integers snch that for each /, 2^* is the 
nearest power of 2 to | |. For any M the nnmber of (ji,..., j^) snch that max^ \ji — ki \ = M 

is bonnded by and for each snch (ji,...,j^) Lemma 4.3 or 4.4 gives a bonnd 

— C'2~P^^ for some pi > 0. Hence in (4.37) the snm over all terms with 
max; \ ji — ki\ = M is bonnded by C". Adding over all M gives a nniform 
bonnd and we are done. 

Proof of Theorem 2.2. 

We will make nse of the Marcinkiewicz mnltiplier theorem (see Theorem 6’ on p. 
109 of [S]), which implies that bonnds on Ul that are nniform in L will follow if we can 
show that there is a constant C snch that for each mnltiindex a with |a| < n and each L 
we have the estimate 

(4.38) 

Retnrning to the x variables, this will follow as in the proof of Theorem 2.1 if we can show 
that for each mnltiindex a with 0 < |a| < n the kernel cl“(a:“iFj^,...,j„(a:)) satishes the 
conditions of Lemmas 4.3 and 4.4. Bnt the fact that (2.13) holds for j^(a:) imme¬ 
diately implies that (2.13) also holds for d^{x^Kj-^^ j^{x)). The cancellation condition 
(2.5) also holds for j^(a:)); if the xi variable is not represented in a it can be 

shown by mnltiplying (2.5) throngh by x^ and then applying 9“ nnder the integral sign, 
while if the xi variable is represented in a, then the integral (2.5) is zero simply becanse 
one is integrating the derivative of a compactly snpported fnnction. Hence each kernel 
d°^{x°^Kj-^^ j^{x)) satishes Lemmas 4.3 and 4.4 and Theorem 2.2 follows. 
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